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1 Instituto de Ciencias Matemáticas (CSIC-UAM-UC3M-UCM) C/Serrano 123, 28006 Madrid,
Spain
2 Departamento de Xeometrı́a e Topoloxı́a, Facultade de Matemáticas, Universidade de Santiago
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Abstract
In this paper we introduce a geometric description of Lagrangian and
Hamiltonian classical field theories on Lie algebroids in the framework of
k-symplectic geometry. We discuss the relation between the Lagrangian
and Hamiltonian descriptions through a convenient notion of Legendre
transformation. The theory is a natural generalization of the standard one;
in addition, other interesting examples are studied, in particular, systems with
symmetry and Poisson-sigma models.

PACS numbers: 03.50.−z, 02.40.Y, 11.10.Ef
Mathematics Subject Classification: 53D99, 53Z05, 70S05

1. Introduction

The Lie algebroid is a generalization of both the Lie algebra and the integrable distribution.
The idea of using Lie algebroids in mechanics is due to Weinstein [47], who introduced a new
geometric framework for Lagrangian mechanics. His formulation allows a geometric unified
description of dynamical systems with a variety of different kinds of phase spaces: Lie groups,
Lie algebras, Cartesian products of manifolds, or quotient manifolds (as in reduction theory,
in which reduced phase spaces are not, in general, tangent or cotangent bundles). For a survey
of further developments of this approach in relation to various mechanical problems, see [19].

One way of extending the theory to classical field theory is through the multisymplectic
formalism [32, 33], which was independently developed by Tulczyjew’s school in Warsaw
(see, for instance, [17]), by Garcı́a and Pérez–Rendón [10, 11] and by Goldschmidt and
Sternberg [12], and has been revised by Martin [28, 29], Gotay et al [13] and Cantrijn et al
[9], among others.

An alternative to the multisymplectic formalism is Günther’s polysymplectic formalism
[14] or equivalent presentations [36] involving k-symplectic structures defined independently
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by Awane [2, 3], Norris [34, 37–40] and de León et al [20, 22] (see also [21] and [23]).
This approach is the generalization to certain kinds of field theory of the standard symplectic
formalism of mechanics, the geometric framework for describing autonomous dynamical
systems; the crucial device in Günther’s formalism is the introduction of a vector-valued
generalization of a symplectic form. It originally applied to theories with Lagrangians and
Hamiltonians that do not depend on the base coordinates t1, . . . , tk (in many cases space-time
coordinates), i.e. Lagrangian L

(
qi, vi

A

)
and Hamiltonian H

(
qi, pA

i

)
that depend only on the

field coordinates qi and on the partial derivatives of the field, vi
A, or the corresponding momenta

pA
i . To treat more general situations we need to extend the formalism using k-cosymplectic

geometry [24, 25].
The purpose of this paper is to extend the k-symplectic approach to first-order classical

field theories on Lie algebroids. We present a geometric description of classical Lagrangian
and Hamiltonian field theories on Lie algebroids, and we show the relation between them
when the Lagrangian is hyperregular.

The paper is organized as follows. In section 2 we recall some basic elements of the
k-symplectic approach to first-order classical field theories. In section 3 we recall some
basic facts about Lie algebroids and their differential geometry, and the prolongation of a Lie
algebroid over a fibration, which will be necessary for further developments. In section 4
the k-symplectic formalism is extended to Lie algebroids. Subsections 4.1 and 4.2 describe
the extended Lagrangian and Hamiltonian formalisms, respectively, and in subsection 4.3 we
define the Legendre transformation on Lie algebroids and establish the equivalence between
the Lagrangian and Hamiltonian formalisms when the Lagrangian function is hyperregular.
Finally in section 5 we display examples of the application of the theory to the Poisson-sigma
model and first-order field theories with symmetries.

Throughout this paper, all manifolds and maps are C∞, the Einstein summation convention
is used, and k-tuples of elements are denoted by bold type.

2. Geometric preliminaries

In this section we recall some basic elements of the k-symplectic approach to classical field
theories [14, 36, 41].

2.1. The tangent bundle of k1-velocities of a manifold

Let Q be an n-dimensional differentiable manifold and τQ : T Q → Q its tangent bundle.

We denote by T 1
k Q the Whitney sum T Q⊕ k· · · ⊕T Q of k copies of T Q, with projection

τ k
Q : T 1

k Q → Q, τk
Q

(
v1q, . . . , vkq

) = q, where vAq ∈ TqQ,A = 1, . . . , k. T 1
k Q can be

identified with the manifold J 1
0 (Rk,Q) of k1-velocities of Q, that is 1-jets of maps σ : R

k → Q

with the source at 0 ∈ R
k , say

J 1
0 (Rk,Q) ≡ T Q⊕ k· · · ⊕T Q

j 1
0,qσ ≡ (

v1q, . . . , vkq

)
,

where q = σ(0) and vAq = σ∗(0)
(

∂
∂tA

∣∣
0

)
, (t1, . . . , tk) being the standard coordinates on R

k .
T 1

k Q is called the tangent bundle of k1-velocities of Q (see [35]).
If (qi) are local coordinates on U ⊆ Q, then the induced local coordinates (qi, vi), 1 �

i � n, on T U = τ−1
Q (U) are expressed by

qi(vq) = qi(q), vi(vq) = vq(q
i),

2
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and the induced local coordinates
(
qi, vi

A

)
, 1 � i � n, 1 � A � k, on T 1

k U = (
τ k
Q

)−1
(U) are

given by

qi
(
v1q, . . . , vkq

) = qi(q), vi
A

(
v1q, . . . , vkq

) = vAq(q
i).

Let f : M → N be a differentiable map. The induced map T 1
k f : T 1

k M → T 1
k N defined

by T 1
k f (j 1

0 σ) = j 1
0 (f ◦ σ) is called the canonical prolongation of f . Observe that

T 1
k f

(
v1q, . . . , vkq

) = (
f∗(q)

(
v1q

)
, . . . , f∗(q)

(
vkq

))
,

where v1q, . . . , vkq ∈ TqQ, q ∈ Q.

2.2. k-vector fields and integral sections

Let M be an arbitrary manifold.

Definition 2.1. A section X : M −→ T 1
k M of the projection τ k

M will be called a k-vector
field on M.

To give a k-vector field X is equivalent to giving a family of k vector fields X1, . . . , Xk ,
and we write X = (X1, . . . , Xk).

Definition 2.2. An integral section of the k-vector field X = (X1, . . . , Xk), passing through
a point x ∈ M , is a map ψ : U0 ⊂ R

k → M , defined on some neighborhood U0 of 0 ∈ R
k ,

such that ψ(0) = x, and

ψ∗(t)
(

∂

∂tA

∣∣∣∣
t

)
= XA(ψ(t)) for every t ∈ U0, 1 � A � k,

or equivalently ψ(0) = x and ψ satisfies X ◦ ψ = ψ(1), where ψ(1) is the first prolongation
of ψ to T 1

k M , defined by

ψ(1) : U0 ⊂ R
k −→ T 1

k M

t −→ ψ(1)(t) = j 1
0 ψt ≡

(
ψ∗(t)

(
∂

∂t1

∣∣∣∣
t

)
, . . . , ψ∗(t)

(
∂

∂tk

∣∣∣∣
t

))
,

where ψt(s) = ψ(t + s).
A k-vector field X = (X1, . . . , Xk) on M is said to be integrable if there is an integral

section that passes through every point of M.

Remark 2.3. In the k-symplectic formalism, the solutions of field equations are the integral
sections of k-vector fields. In the case k = 1, this definition coincides with the classical
definition of the integral curve of a vector field.

In a local coordinate system, if ψ(t) = (ψi(t)), then one has

ψ(1)(t) =
(

ψi(t),
∂ψi

∂tA

∣∣∣∣
t

)
, 1 � A � k, 1 � i � n, (2.1)

and ψ is an integral section of (X1, . . . , Xk), where XA = Xi
A

∂
∂qi if and only if

∂ψi

∂tA
= Xi

A ◦ ψ, 1 � A � k, 1 � i � n. (2.2)

3
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2.3. The cotangent bundle of k1-covelocities of a manifold

Let Q be a differentiable manifold of dimension n and πQ : T ∗Q → Q its cotangent bundle.

Denote by
(
T 1

k

)∗
Q = T ∗Q⊕ k· · · ⊕T ∗Q the Whitney sum of k copies of T ∗Q with the

projection map πk
Q :

(
T 1

k

)∗
Q → Q,πk

Q(α1q
, . . . , αkq

) = q. The manifold
(
T 1

k

)∗
Q can be

canonically identified with the vector bundle J 1(Q, R
k)0 of k1-covelocities of the manifold Q,

the manifold of 1-jets of maps σ : Q → R
k with the target at 0 ∈ R

k and the projection map
πk

Q : J 1(Q, R
k)0 → Q,πk

Q

(
j 1
q,0σ

) = q, that is

J 1(Q, R
k)0 ≡ T ∗Q⊕ k· · · ⊕T ∗Q

j 1
q,0σ ≡ (dσ1(q), . . . , dσk(q)),

where σA = prA ◦ σ : Q −→ R is the Ath component of σ and prA : R
k → R are the

canonical projections, 1 � A � k. For this reason,
(
T 1

k

)∗
Q is also called the bundle of

k1-covelocities of the manifold Q.
If (qi) are local coordinates on U ⊆ Q, then the induced local coordinates (qi, pi) on

T ∗U = (πQ)−1(U) are given by

qi(αq) = qi(q), pi(αq) = αq

(
∂

∂qi

∣∣∣∣
q

)
, 1 � i � n,

and the induced local coordinates
(
qi, pA

i

)
on

(
T 1

k

)∗
U = (

πk
Q

)−1
(U) are

qi
(
α1q

, . . . , αkq

) = qi(q), pA
i

(
α1q

, . . . , αkq

) = αAq

(
∂

∂qi

∣∣∣∣
q

)
, 1 � i � n, 1 � A � k.

We can endow
(
T 1

k

)∗
Q with a k-symplectic structure given by the family(

ω1, . . . , ωk;V = ker T πk
Q

)
where each ωA is the 2-form given by

ωA = (
π

k,A
Q

)∗
ωQ, 1 � A � k,

π
k,A
Q :

(
T 1

k

)∗
Q → T ∗Q being the canonical projection onto the Ath copy of T ∗Q in

(
T 1

k

)∗
Q

and ωQ the canonical symplectic form on T ∗Q. In local coordinates, ωA = dqi ∧ dpA
i

[2, 3, 36, 41].

3. Lie algebroids

In this section we present some basic facts about Lie algebroids, including features of the
associated differential calculus and results on Lie algebroid morphisms that will be necessary.
For further information on groupoids and Lie algebroids, and their roles in differential
geometry, see [4, 15, 26, 27].

3.1. Lie algebroid: definition

Let E be a vector bundle of rank m over a manifold Q of dimension n, and let τ : E → Q be
the vector bundle projection. Denote by Sec(E) the C∞(Q)-module of sections of τ . A Lie
algebroid structure ([[·, ·]]E, ρE) on E is a Lie bracket [[·, ·]]E : Sec(E) × Sec(E) → Sec(E)

on the space Sec(E), together with an anchor map ρE : E → T Q and its identically denoted
induced C∞(Q)-module homomorphism ρE : Sec(E) → X(Q), such that the compatibility
condition

[[σ1, f σ2]]E = f [[σ1, σ2]]E + (ρE(σ1)f )σ2

4
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holds for all smooth functions f on Q and sections σ1, σ2 of E (here ρE(σ1) is the vector
field on Q given by ρE(σ1)(q) = ρE(σ1(q))). The triple (E, [[·, ·]]E, ρE) is called a Lie
algebroid over Q. From the compatibility condition and the Jacobi identity, it follows that
ρE : Sec(E) → X(Q) is a homomorphism between the Lie algebras (Sec(E), [[·, ·]]E) and
(X(Q), [·, ·]). The following are examples of Lie algebroids.

(i) Real Lie algebras of finite dimension. Any real Lie algebra of finite dimension is a Lie
algebroid over a single point.

(ii) The tangent bundle. If T Q is the tangent bundle of a manifold Q, then the triple
(T Q, [·, ·], idT Q) is a Lie algebroid over Q, where idT Q : T Q → T Q is the identity
map.

(iii) A less immediate example of a Lie algebroid may be constructed as follows. Let
π : P → Q be a principal bundle with structural group G. Denote by 
 : G × P → P

the free action of G on P and by T 
 : G × T P → T P the tangent action of G on T P .
Then the sections of the quotient vector bundle τP |G : T P/G → Q = P/G may be
identified with the vector fields on P that are invariant under the action 
. Since every
G-invariant vector field on P is π -projectable and the standard Lie bracket on vector fields
is closed with respect to G-invariant vector fields, we can define a Lie algebroid structure
on T P/G. The resultant Lie algebroid over Q is called the Atiyah (gauge) algebroid
associated with the principal bundle π : P → Q [19, 26].

Throughout this paper, the role of the Lie algebroid is to stand in for the tangent bundle of
Q. In this way, one regards an element e of E as a generalized velocity, and the actual velocity
v is obtained when we apply the anchor map to e, i.e. v = ρE(e).

Let (qi)ni=1 be the local coordinates on Q and {eα}1�α�m a local basis of sections of τ .
Given e ∈ E such that τ(e) = q, we can write e = yα(e)eα(q) ∈ Eq , i.e. each section σ

is given locally by σ |U = yαeα and the coordinates of e are (qi(e), yα(e)). A Lie algebroid
structure on Q is determined locally by a set of local structure functions ρi

α, Cγ

αβ on Q that are
defined by

ρE(eα) = ρi
α

∂

∂qi
, [[eα, eβ ]]E = Cγ

α βeγ , (3.1)

and satisfy the relations∑
cyclic(α,β,γ )

(
ρi

α

∂Cν
βγ

∂qi
+ Cν

αμC
μ
βγ

)
= 0, ρj

α

∂ρi
β

∂qj
− ρ

j

β

∂ρi
α

∂qj
= ρi

γ C
γ

αβ. (3.2)

These relations, which are a consequence of the compatibility condition and Jacobi’s identity,
are usually called the structure equations of the Lie algebroid E.

3.2. Exterior differential

A Lie algebroid structure on E allows us to define the exterior differential of E, dE :
Sec(

∧l
E∗) → Sec(

∧l+1
E∗) as follows:

dEμ(σ1, . . . , σl+1) =
l+1∑
i=1

(−1)i+1ρE(σi)μ(σ1, . . . , σ̂i , . . . , σl+1)

+
∑
i<j

(−1)i+jμ([σi, σj ]E, σ1, . . . , σ̂i , . . . , σ̂j , . . . σl+1), (3.3)

for μ ∈ Sec(
∧l

E∗) and σ1, . . . , σl+1 ∈ Sec(E). It follows that dE is a cohomology operator,
that is (dE)2 = 0.

5
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In particular, if f : Q → R is a smooth real function, then dEf (σ ) = ρE(σ )f , for
σ ∈ Sec(E). Locally, the exterior differential is determined by

dEqi = ρi
αeα and dEeγ = − 1

2C
γ

αβeα ∧ eβ,

where {eα} is the dual basis of {eα}.
The usual Cartan calculus extends to the case of Lie algebroids: for every section σ of E

we have a derivation iσ (contraction) of degree −1 and a derivation Lσ = iσ ◦d + d ◦ iσ (the
Lie derivative) of degree 0; for more details, see [26, 27].

3.3. Morphisms

Let (E, [[·, ·]]E, ρE) and (E′, [[·, ·]]E′, ρE′) be two Lie algebroids over Q and Q′, respectively,
and suppose that 
 = (
,
) is a vector bundle map, that is 
 : E → E′ is a fiberwise linear
map over 
 : Q → Q′. The pair (
,
) is said to be a Lie algebroid morphism if

dE(
∗σ ′) = 
∗(dE′
σ ′), for all σ ′ ∈ Sec(

∧l
(E′)∗) and for all l. (3.4)

Here 
∗σ ′ is the section of the vector bundle
∧l

E∗ → Q defined (for l > 0) by

(
∗σ ′)q(e1, . . . , el) = σ ′

(q)(
(e1), . . . , 
(el)), (3.5)

for q ∈ Q and e1, . . . , el ∈ Eq . In particular, when Q = Q′ and 
 = idQ then (3.4) holds if
and only if

[[
 ◦ σ1,
 ◦ σ2]]E′ = 
[[σ1, σ2]]E, ρE′(
 ◦ σ) = ρE(σ ), for σ, σ1, σ2 ∈ Sec(E).

Let (qi) be a local coordinate system on Q and (q̄i) a local coordinate system on Q′. Let
{eα} and {ēᾱ} be local bases of sections of E and E′, respectively, and {eα} and {ēᾱ} their
respective dual bases. The vector bundle map 
 is determined by the relations 
∗q̄ ī = φī(q)

and 
∗ēᾱ = φᾱ
β eβ for certain local functions φī and φᾱ

β on Q. In this coordinate system


 = (
,
) is a Lie algebroid morphism if and only if

(ρE)jα
∂φī

∂qj
= (ρE′)ī

β̄
φβ̄

α , φβ̄
γ C

γ

αδ =
(

(ρE)iα
∂φ

β̄

δ

∂qi
− (ρE)iδ

∂φβ̄
α

∂qi

)
+ C̄β̄

θ̄ σ̄
φθ̄

αφσ̄
δ , (3.6)

where the (ρE)iα, Cα
βγ are the structure functions on E and the (ρE′)īᾱ, C̄ᾱ

β̄γ̄
are the structure

functions on E′.
For more about the concept of Lie algebroids morphism, see for instance [8, 15, 32, 33].

3.4. The prolongation of a Lie algebroid over a fibration

In this subsection we recall a particular kind of Lie algebroid that will be used later (see
[8, 15, 19, 30] for more details).

If (E, [[·, ·]]E, ρE) is a Lie algebroid over a manifold Q and π : P → Q is a fibration,
then

τ̃P : T EP =
⋃
p∈P

T E
p P → P,

where

T E
p P = {(e, vp) ∈ Eπp × TpP |ρE(e) = Tpπ(vp)}

is a Lie algebroid called the prolongation of the Lie algebroid (E, [[·, ·]]E, ρE) or the inverse-
image Lie algebroid; see for instance [15, 19]. The anchor map of this Lie algebroid is
ρπ : T EP → T P, ρπ(e, vp) = vp. In this paper we consider two particular Lie algebroid

6
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prolongations, one with P = E⊕ k· · · ⊕E and the other with P = E∗⊕ k· · · ⊕E∗, in
connection with which we use the following notation and results (for more details see [8, 15,
19, 30]).

If (qi, u�) are local coordinates on P and {eα} is a local basis of sections of E, then a local
basis of τ̃P : T EP → P is given by the family {Xα,V�} where

Xα(p) =
(

eα(π(p)); ρi
α(π(p))

∂

∂qi

∣∣∣∣
p

)
and V�(p) =

(
0π(p); ∂

∂u�

∣∣∣∣
p

)
. (3.7)

The Lie bracket of two sections of T EP is characterized by the relations

[[Xα,Xβ ]]π = Cγ

αβXγ [[Xα,V�]]π = 0 [[V�,Vϕ]]π = 0, (3.8)

and the exterior differential is therefore determined by

dT EP qi = ρi
αX α, dT EP u� = V�

dT EPX γ = − 1
2C

γ

αβX α ∧ X β, dT EPV� = 0,
(3.9)

where {X α,V�} is the dual basis of {Xα,V�}.

4. Classical field theories on Lie algebroids: a k-symplectic approach

In this section, the k-symplectic formalism for first-order classical field theories (see
[14, 36, 41]) is extended to the setting of Lie algebroids. Regarding a Lie algebroid
E as a generalization of the tangent bundle of Q, we define the analog of the field
solution of the field equations, and we study the analogs of the geometric structures of the
standard k-symplectic formalism. Lagrangian and Hamiltonian formalisms are developed in
subsections 4.1 and 4.2, respectively, and it is verified that the standard Lagrangian and
Hamiltonian k-symplectic formalisms are particular cases of the formalisms developed here.
Throughout this section we consider a Lie algebroid (E, [[·, ·]]E, ρE) on the manifold Q and
denote this Lie algebroid itself by E.

4.1. Lagrangian formalism

4.1.1. The manifold
k⊕ E. The standard k-symplectic Lagrangian formalism is developed on

the bundle of k1-velocities of Q,T 1
k Q, that is the Whitney sum of k copies of T Q. Since we

are thinking of a Lie algebroid E as a substitute for the tangent bundle, it is natural to consider

the Whitney sum of k copies of the Lie algebroid E, which we denote by
k⊕ E = E⊕ k· · · ⊕E,

and the projection map τ̃ :
k⊕ E → Q, given by τ̃

(
e1q

, . . . , ekq

) = q. If (qi, yα) are local

coordinates on τ−1(U) ⊆ E, then the induced local coordinates
(
qi, yα

A

)
on τ̃−1(U) ⊆ k⊕ E

are given by

qi
(
e1q

, . . . , ekq

) = qi(q), yα
A

(
e1q

, . . . , ekq

) = yα
(
eAq

)
.

Remark 4.1. Consider the standard case in which E = T Q, ρT Q = idT Q. If we fix local
coordinates (qi) on Q, then we have the natural basis of Sec(T Q) = X(Q) given by {∂/∂qi}.
For this basis of sections, Cγ

αβ = 0 and the set Sec (
k⊕ T Q) = Sec

(
T 1

k Q
)

is the set Xk(Q) of
k-vector fields on Q.

7
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4.1.2. The Lagrangian prolongation. Consider the prolongation Lie algebroid E over the

fibration τ̃ :
k⊕ E → Q, that is (see section 3.4),

T E(
k⊕E) = {(eq, vbq

) ∈ E × T (
k⊕E)/ρE(eq) = T τ̃ (vbq

)}, (4.1)

where bq ∈ k⊕Eq . The following properties are derived from the general characteristics of
prolongation Lie algebroids (see, for instance, [8, 19, 30]):

(i) T E(
k⊕E) ≡ E × T QT (

k⊕E), with projection

τ̃ k⊕E
: T E(

k⊕E) ≡ E × T QT (
k⊕E) −→ k⊕E

has the Lie algebroid structure ([[·, ·]]̃τ , ρτ̃ ), where the anchor map

ρτ̃ = E × T QT (
k⊕E) : T E(

k⊕E) → T (
k⊕E)

is the canonical projection to the second factor. We will refer to this Lie algebroid as the
Lagrangian prolongation.

(ii) If
(
qi, yα

A

)
are local coordinates on

k⊕ E, then the induced local coordinates on

T E(
k⊕E) ≡ E × T QT (

k⊕E) are(
qi, yα

A, zα, wα
A

)
1�i�n,1�A�k,1�α�m,

where
qi

(
eq, vbq

) = qi(q), yα
A

(
eq, vbq

) = yα
A(bq),

zα
(
eq, vbq

) = yα(eq), wα
A

(
eq, vbq

) = vbq

(
yα

A

)
.

(4.2)

(iii) The set {Xα,VA
α } given by

Xα :
k⊕ E → T E(

k⊕E) ≡ E × T QT (
k⊕E)

bq → Xα(bq) =
(

eα(q); ρi
α(q)

∂

∂qi

∣∣∣∣
bq

)
VA

α :
k⊕E → T E(

k⊕E) ≡ E × T QT (
k⊕E)

bq → VA
α (bq) =

(
0q; ∂

∂yα
A

∣∣∣∣
bq

)
(4.3)

is a local basis of Sec(T E(
k⊕E)), the set of sections of τ̃ k⊕E

(see (3.7)).

(iv) The anchor map ρτ̃ : T E(
k⊕E) → T (

k⊕E) allows us to associate a vector field with each

section ξ :
k⊕E → T E(

k⊕E) ≡ E × T QT (
k⊕E) of τ̃ k⊕E

. Locally, if

ξ = ξαXα + ξα
AVA

α ∈ Sec(T E(
k⊕E)),

then the associated vector field is given by

ρτ̃ (ξ) = ρi
αξα ∂

∂qi
+ ξα

A

∂

∂yα
A

∈ X(
k⊕E). (4.4)

(v) The Lie bracket of two sections of τ̃ k⊕E
is characterized by (see (3.8))

[[Xα,Xβ]]̃τ = Cγ

αβXγ

[[
Xα,VB

β

]]̃τ = 0
[[
VA

α ,VB
β

]]̃τ = 0. (4.5)

8
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(vi) If
{
X α,Vα

A

}
is the dual basis of

{
Xα,VA

α

}
, then the exterior differential is given locally

(see (3.9)) by

dT E(
k⊕E)f = ρi

α

∂f

∂qi
X α +

∂f

∂yα
A

Vα
A, for all f ∈ C∞(

k⊕E)

dT E(
k⊕E)X γ = −1

2
Cγ

αβX α ∧ X β, dT E(
k⊕E)Vγ

A = 0.

(4.6)

Remark 4.2. In the particular case E = T Q, the manifold T E(
k⊕E) reduces to T

(
T 1

k Q
)
:

T T Q
( k⊕ T Q

) = T T Q
(
T 1

k Q
)

= {
(uq, vwq

) ∈ T Q × T
(
T 1

k Q
)/

uq = T
(
τ k
Q

)(
vwq

)}
= {(

T
(
τ k
Q

)(
vwq

)
, vwq

) ∈ T Q × T
(
T 1

k Q
)/

wq ∈ T 1
k Q

}
≡ {

vwq
∈ T

(
T 1

k Q
)/

wq ∈ T 1
k Q

} ≡ T
(
T 1

k Q
)
. (4.7)

4.1.3. Liouville sections and vertical endomorphisms. On T E(
k⊕E) we define two families

of canonical objects, Liouville sections and vertical endomorphisms which correspond to the
Liouville vector fields and k-tangent structure on T 1

k Q (see [14, 36, 41]).

Vertical A-lifting (see for instance [8]). An element (eq, vbq
) of T E(

k⊕ E) ≡ E × T QT (
k⊕E)

is said to be vertical if

τ̃1
(
eq, vbq

) = 0q ∈ E, (4.8)

where

τ̃1 : T E(
k⊕ E) ≡ E × T QT (

k⊕E) → E,(
eq, vbq

) → τ̃1
(
eq, vbq

) = eq

is the projection on the first factor E. The vertical elements of T E(
k⊕E) are thus of the form(

0q, vbq

) ∈ T E(
k⊕E) ≡ E × T QT (

k⊕E),

where vbq
∈ T (

k⊕ E) and bq ∈ k⊕E. In particular, the tangent vector vbq
is τ̃ -vertical, since by

(4.1)

0q = Tbq
τ̃
(
vbq

)
.

In a local coordinate system
(
qi, yα

A

)
on

k⊕E, if
(
eq, vbq

) ∈ T E(
k⊕E) is vertical, then

eq = 0q and

vbq
= uα

A

∂

∂yα
A

∣∣∣∣
bq

∈ Tbq
(

k⊕ E).

Definition 4.3. For each A = 1, . . . , k, the vertical A-lifting is defined as the mapping

ξVA : E × Q(
k⊕ E) −→ T E(

k⊕ E) ≡ E × T QT (
k⊕E)

(eq, bq) −→ ξVA(eq, bq) = (
0q, (eq)

VA

bq

)
, (4.9)

9



J. Phys. A: Math. Theor. 42 (2009) 385209 M de León et al

where eq ∈ E, bq = (
b1q, . . . , bkq

) ∈ k⊕E and the vector (eq)
VA

bq
∈ Tbq

(
k⊕ E) is given by

(eq)
VA

bq
f = d

ds

∣∣∣∣
s=0

f (b1q
, . . . , bAq

+ seq, . . . , bkq
), 1 � A � k, (4.10)

for an arbitrary function f ∈ C∞(
k⊕ E).

The local expression of (eq)
VA

bq
is

(eq)
VA

bq
= yα(eq)

∂

∂yα
A

∣∣∣∣
bq

∈ Tbq
(

k⊕ E), 1 � A � k. (4.11)

Since (eq)
VA

bq
∈ Tbq

(
k⊕ E) is τ̃ -vertical, ξVA(eq, bq) is a vertical element of T E(

k⊕E), and
by (4.3), (4.9) and (4.11) its local expression is

ξVA(eq, bq) =
(

0q, y
α(eq)

∂

∂yα
A

∣∣∣∣
bq

)
= yα(eq)VA

α (bq), 1 � A � k. (4.12)

Remark 4.4.

(i) In the standard case (E = T Q, ρT Q = idT Q), given eq ∈ TqQ and vq = (v1q, . . . , vkq) ∈
T 1

k Q,

(eq)
VA

vq
(f ) = d

ds

∣∣∣∣
s=0

f (v1q
, . . . , vAq

+ seq, . . . , vkq
), 1 � A � k,

that is the vertical A-lift to T 1
k Q of the tangent vector eq (see, for instance, [14, 36, 41]).

(ii) When k = 1, ξV1 ≡ ξV : E × QE → T EE is the vertical lifting map introduced by
Martı́nez in [30].

Liouville sections. The Ath Liouville section �̃A is the section of τ̃ k⊕E
: T E(

k⊕ E) → k⊕ E

given by

�̃A :
k⊕E → T E(

k⊕ E) ≡ E × T QT (
k⊕E)

bq → �̃A(bq) = ξVA(prA(bq), bq) = ξVA
(
bAq, bq

)
,

1 � A � k,

where bq = (
b1q, . . . , bkq

) ∈ k⊕E and prA :
k⊕E → E is the canonical projection over the Ath

copy of E in
k⊕E. From the local expression (4.12) of ξVA , and since

yα
(
bAq

) = yα
A

(
b1q, . . . , bkq

) = yα
A(bq),

�̃A has the local expression

�̃A =
m∑

α=1

yα
AVA

α , 1 � A � k. (4.13)

Remark 4.5. In the standard case, �̃A is the vector field:

�A : T 1
k Q → T

(
T 1

k Q
)

vq = (
v1q, . . . , (vk)q

) → (
vAq

)VA

vq
,

that is the Ath canonical vector field on T 1
k Q.

10
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In the standard Lagrangian k-symplectic formalism, the canonical vector fields
�1, . . . , �k allow us to define the energy function. Analogously as we will see below,
the energy function can be defined in the Lie algebroid setting using the Liouville sections
�̃1, . . . , �̃k .

Vertical endomorphisms on T E(
k⊕E). The second important family of canonical geometric

elements on T E(
k⊕E) is the family of vertical endomorphisms J̃ 1, . . . , J̃ k .

Definition 4.6. For A = 1, . . . , k the Ath vertical endomorphism on T E(
k⊕ E) ≡ E × T QT

(
k⊕E) is the mapping

J̃ A : T E(
k⊕ E) → T E(

k⊕ E)(
eq, vbq

) → J̃ A
(
eq, vbq

) = ξVA(eq, bq),
(4.14)

where eq ∈ E, bq = (
b1q, . . . , bkq

) ∈ k⊕E and vbq
∈ Tbq

(
k⊕E).

Lemma 4.7. Let
{
Xα,VA

α

}
be a local basis of Sec(T E(

k⊕E)) and let
{
X α,Vα

A

}
be its dual

basis. The corresponding local expression of J̃ A is

J̃ A =
m∑

α=1

VA
α ⊗ X α, 1 � A � k. (4.15)

Proof. By (4.3) and (4.12),

J̃ A(Xα(bq)) = ξVA(eα(q), bq) = yβ(eα(q))VA
β (bq) = VA

α (bq),

J̃ A
(
VB

α (bq)
) = ξVA(0q, bq) = 0bq

,

for each A,B = 1, . . . , k, α = 1 . . . , m, where bq ∈ k⊕E is an arbitrary element of
k⊕E. �

Remark 4.8.

(i) In the standard case (E = T Q, ρ = idT Q), the J̃ A constitute the canonical k-tangent
structure J 1, . . . , J k on T 1

k Q.
(ii) When k = 1, J̃ is the vertical endomorphism defined by Martı́nez [31] on T E(T Q), the

prolongation of the Lie algebroid E over τQ : T Q → Q.

4.1.4. Second-order partial differential equations (SOPDEs). In the standard k-symplectic
Lagrangian formalism one obtains the solutions of the Euler–Lagrange equations as integral
sections of certain second-order partial differential equations on T 1

k Q. In order to introduce
the analogous object on Lie algebroids, we note that in the standard case a SOPDE ξ is a section
of the maps

τ k

T 1
k Q

: T 1
k

(
T 1

k Q
) → T 1

k Q(
v1wq

, . . . , vkwq

) → wq

and

T 1
k

(
τ k
Q

)
: T 1

k

(
T 1

k Q
) → T 1

k Q(
v1wq

, . . . , vkwq

) → (
Twq

(
τ k
Q

)(
v1wq

)
, . . . , Twq

(
τ k
Q

)(
vkwq

))
,

11
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where τ k
Q : T 1

k Q → Q denotes the canonical projection of the tangent bundle of k1-velocities.
Since T 1

k

(
T 1

k Q
)

is the Whitney sum of k copies of T
(
T 1

k Q
)
, it is natural to think that in the

Lie algebroid context its role will be played by the Whitney sum of k copies of T E(
k⊕E), that

is

(T E)1
k(

k⊕E) := T E(
k⊕E)⊕ k· · · ⊕T E(

k⊕E).

Furthermore, the maps

τ̃ k
k⊕E

: (T E)1
k(

k⊕E) ≡ T E(
k⊕E)⊕ k· · · ⊕T E(

k⊕E) → k⊕E((
a1q, v1bq

)
, . . . ,

(
akq, vkbq

)) → bq

and

τ̃ k
1 : (T E)1

k(
k⊕E) ≡ T E(

k⊕E)⊕ k· · · ⊕T E(
k⊕E) → k⊕ E((

a1q, v1bq

)
, . . . ,

(
akq, vkbq

)) → (
a1q, . . . , akq

)
,

play the roles of τ k

T 1
k Q

and T 1
k

(
τ k
Q

)
, respectively. In fact, when E = T Q there is a

diffeomorphism between T
(
T 1

k Q
)

and T T Q
(
T 1

k Q
)

given by (see remark 4.2)

T
(
T 1

k Q
) ≡ T T Q

(
T 1

k Q
) = (T Q) × T QT

(
T 1

k Q
) ≡ T

(
T 1

k Q
)

vwq
≡ (

Twq

(
τ k
Q

)(
vwq

)
, vwq

)
,

under which diffeomorphism the map

τ̃ k
k⊕T Q

: (T T Q)1
k

(
T 1

k Q
) ≡ T 1

k

(
T 1

k Q
) → T 1

k Q

corresponds to τ k

T 1
k Q

: T 1
k

(
T 1

k Q
) → T 1

k Q, since

τ̃ k
k⊕T Q

((
Twq

(
τ k
Q

)(
v1wq

)
, v1wq

)
, . . . ,

(
Twq

(
τ k
Q

)(
vkwq

)
, vkwq

)) = wq

= τ k

T 1
k Q

(
v1wq

, . . . , vkwq

)
.

and the map

τ̃ k
1 : (T T Q)1

k

(
T 1

k Q
) ≡ T 1

k

(
T 1

k Q
) → T 1

k Q

corresponds to T 1
k

(
τ k
Q

)
: T 1

k

(
T 1

k Q
) → T 1

k Q, since

τ̃ k
1

((
Twq

(
τ k
Q

)(
v1wq

)
, v1wq

)
, . . . ,

(
Twq

(
τ k
Q

)(
vkwq

)
, vkwq

))
= (

Twq

(
τ k
Q

)(
v1wq

)
, . . . , Twq

(
τ k
Q

)(
vkwq

)) = T 1
k

(
τ k
Q

)(
v1wq

, . . . , vkwq

)
.

Remark 4.9. For simplicity we denote by
(
aq, vbq

)
an element((

a1q, v1bq

)
, . . . ,

(
akq, vkbq

))
of (T E)1

k(
k⊕ E) ≡ T E(

k⊕ E)⊕ k· · · ⊕T E(
k⊕ E), where aq : = (a1q, . . . , akq) ∈ k⊕ E and

vbq
: = (

v1bq
, . . . , vkbq

) ∈ T 1
k (

k⊕E).

We are now in a position to introduce SOPDEs on Lie algebroids.

Definition 4.10. A second-order partial differential equation (SOPDE) on
k⊕E is a map

ξ :
k⊕E → (T E)1

k(
k⊕E) that is a section of τ̃ k

k⊕E

and τ̃ k
1 .

12



J. Phys. A: Math. Theor. 42 (2009) 385209 M de León et al

Since (T E)1
k(

k⊕E) is the Whitney sum of k copies of T E(
k⊕E), we deduce that to give a

section ξ of τ̃ k
k⊕E

is equivalent to giving a family of k sections ξ1, . . . , ξk , of the Lagrangian

prolongation T E(
k⊕E) obtained by projecting ξ on each factor.

To characterize SOPDEs on Lie algebroids we need the following.

Definition 4.11. The set

Adm(E) = {(
aq, vbq

) ∈ (T E)1
k(

k⊕ E)
∣∣ τ̃ k

1

(
aq, vbq

) = τ̃ k
k⊕E

(
aq, vbq

)}
= {(

aq, vbq

) ∈ (T E)1
k(

k⊕ E) | aq = bq

}
(4.16)

is called the set of admissible points of E.

Proposition 4.12. Let ξ = (ξ1, . . . , ξk) :
k⊕ E → (T E)1

k(
k⊕ E) be a section of τ̃ k

k⊕E

. The

following statements are equivalent.

(i) ξ takes values in Adm(E) .
(ii) ξ is a SOPDE, that is τ̃ k

1 ◦ ξ = id k⊕E
.

(iii) J̃ A(ξA) = �̃A for all A = 1, . . . , k.

Proof. From (4.16) it is easy to prove that (i) and (ii) are equivalent. The equivalence of (i)
and (iii) is a direct consequence of the definitions of J̃ A, �̃A and ξVA . �

Using proposition 4.12 (iii), one easily deduces that the local expression of a SOPDE ξ =
(ξ1, . . . , ξk) is

ξA = yα
AXα + (ξA)αBVB

α ,

where (ξA)αB ∈ C∞(
k⊕E).

Proposition 4.13. Let ξ = (ξ1, . . . , ξk) :
k⊕ E → (T E)1

k(
k⊕ E) be a section of τ̃ k

k⊕E

. Then

(ρτ̃ (ξ1), . . . , ρ
τ̃ (ξk)):

k⊕E → T 1
k (

k⊕E)

is a k-vector field on
k⊕E, where

ρτ̃ : T E(
k⊕E) ≡ E × T QT (

k⊕E) → T (
k⊕E)

is the anchor map of the Lie algebroid T E(
k⊕E).

Proof. Directly by section 4.1.2 (vi). �

In local coordinates

ρτ̃ (ξA) = ρi
αyα

A

∂

∂qi
+ (ξA)αB

∂

∂yα
B

∈ X(
k⊕E). (4.17)

Definition 4.14. A map

η : R
k → k⊕ E

13
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is an integral section of the SOPDE ξ if η is an integral section of the k-vector field
(ρτ̃ (ξ1), . . . , ρ

τ̃ (ξk)) associated with ξ , that is

(ρτ̃ (ξA))(η(t)) = η∗(t)
(

∂

∂tA

∣∣∣∣
t

)
, 1 � A � k. (4.18)

If η is written locally as η(t) = (ηi(t), ηα
A(t)), then from (4.17) we deduce that (4.18) is

locally equivalent to the identities

∂ηi

∂tA

∣∣∣∣
t
= ηα

A(t)ρi
α(̃τ (η(t)),

∂η
β

B

∂tA

∣∣∣∣
t
= (ξA)

β

B(η(t)), (4.19)

where τ̃ :
k⊕ E → Q is the canonical projection.

4.1.5. Lagrangian formalism. In this section we develop an intrinsic and global geometric
framework that allows us to write the Euler–Lagrange equations associated with a Lagrangian

function L :
k⊕E → R on a Lie algebroid. We first introduce some geometric elements

associated with L.

Poincaré–Cartan sections. The Poincaré–Cartan 1-sections �A
L are defined by

�A
L :

k⊕ E −→ (T E(
k⊕ E))∗

bq −→ �A
L(bq),

where

�A
L(bq) : (T E(

k⊕ E))bq
−→ R

Zbq
= (

eq, vbq

) −→ (
�A

L

)
bq

(
Zbq

) = (
dT E(

k⊕E)L
)

bq
((J̃ A)bq

(Zbq
)).

Using (4.6) with f = L,(
�A

L

)
(bq)Zbq

= (
dT E(

k⊕E)L
)

bq

(
(J̃ A)bq

Zbq

) = (
ρτ̃

(
(J̃ A)bq

Zbq

))
L, (4.20)

where bq ∈ k⊕ E,Zbq
∈ [T E(

k⊕ E)]bq
and ρτ̃ ((J̃ A)bq

Zbq
) ∈ Tbq

(
k⊕E).

The Poincaré–Cartan 2-sections

�A
L :

k⊕ E → (T E(
k⊕ E))∗ ∧ (T E(

k⊕ E))∗, 1 � A � k

are defined by

�A
L := −dT E(

k⊕E)�A
L, 1 � A � k,

that is

�A
L(ξ1, ξ2) = −d�A

L(ξ1, ξ2)

= [ρτ̃ (ξ2)]
(
�A

L(ξ1)
) − [ρτ̃ (ξ1)]

(
�A

L(ξ2)
)

+ �A
L([[ξ1, ξ2]]̃τ ), (4.21)

where ξ1, ξ2 ∈ Sec(T E(
k⊕E)) and (ρτ̃ , [[·, ·]]̃τ ) denotes the Lie algebroid structure of T E(

k⊕E)

defined in section 4.1.2.
To find the local expressions of �A

L and �A
L , consider

{
Xα,VB

α

}
, a local basis of sections

of Sec(T E(
k⊕E)), and its dual basis

{
X α,Vα

B

}
. By (4.4), (4.15) and (4.20),

�A
L = ∂L

∂yα
A

X α, 1 � A � k ; (4.22)

14
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and by the local expressions (4.3), (4.4), (4.5), (4.21) and (4.22),

�A
L = 1

2

(
ρi

β

∂2L

∂qi∂yα
A

− ρi
α

∂2L

∂qi∂y
β

A

+ Cγ

αβ

∂L

∂y
γ

A

)
X α ∧ X β +

∂2L

∂y
β

B∂yα
A

X α ∧ Vβ

B. (4.23)

Remark 4.15.

(i) When k = 1,�1
L and �1

L are the Poincaré–Cartan forms of Lagrangian mechanics on Lie
algebroids (see, for instance, [8, 31]).

(ii) When E = T Q and ρT Q = idT Q,

�A
L(X, Y ) = ωA

L(X, Y ), 1 � A � k,

where X and Y are vector fields on T 1
k Q and ω1

L, . . . , ω k
L are the Lagrangian 2-forms of

the standard k-symplectic formalism, defined by ωA
L = −d(dL◦JA), where d is the usual

exterior derivative.

The energy function. The energy function EL :
k⊕ E → R defined by the Lagrangian L is

EL =
k∑

A=1

ρτ̃ (�A)L − L,

and from (4.4) and (4.13) one deduces that EL is given locally by

EL =
k∑

A=1

yα
A

∂L

∂yα
A

− L. (4.24)

Morphisms. We generalize the Euler–Lagrange equations and their solutions to Lie algebroids
in terms of a particular Lie algebroid morphism.

In the standard Lagrangian k-symplectic formalism, a solution of the Euler–Lagrange
equations is a field φ : R

k → Q with a first prolongation φ(1) : R
k → T 1

k Q that satisfies those
equations, that is

k∑
A=1

∂

∂tA

∣∣∣∣
t

(
∂L

∂vi
A

∣∣∣∣
φ(1)(t)

)
= ∂L

∂qi

∣∣∣∣
φ(1)(t)

.

The map φ naturally induces the Lie algebroid morphism

T k
Tφ

τ k

TQ

τQ

k
φ

Q

and in terms of the canonical basis of sections of τRk ,
{

∂
∂t1 , . . . ,

∂
∂tk

}
, the first prolongation of

φ, φ(1), can be written as

φ(1)(t) =
(

Ttφ

(
∂

∂t1

∣∣∣∣
t

)
, . . . , Ttφ

(
∂

∂tk

∣∣∣∣
t

))
.

For a general Lie algebroid we shall derive the field-theoretic Euler–Lagrange equations
in such way that their solutions are Lie algebroid morphisms 
 = (
,
) between T R

k and
E,

Φ
E

τ

Φ
Q

T k

τ k

k

15
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with an associated map 
̃ : R
k → k⊕E that satisfies those equations and is given by


̃ : R
k → k⊕ E ≡ E⊕ k· · · ⊕E

t → (
(e1(t)), . . . , 
(ek(t))),

where {eA}kA=1 is a local basis of local sections of T R
k .

If (tA) and (qi) are local coordinate systems on R
k and Q, respectively; {eA} and {eα} local

bases of sections of τRk and E, respectively; and {eA} and {eα} the respective dual bases, then

(t) = (φi(t)) and 
∗eα = φα

AeA for certain local functions φi and φα
A on R

k , the associated
map 
̃ is given locally by 
̃(t) = (φi(t), φα

A(t)), and the Lie algebroid morphism conditions
(3.6) are

ρi
αφα

A = ∂φi

∂tA
, 0 = ∂φα

A

∂tB
− ∂φα

B

∂tA
+ Cα

βγ φ
β

Bφα
A. (4.25)

Remark 4.16. In the standard case (E = T Q), the morphism conditions reduce to

φi
A = ∂φi

∂tA
and

∂φi
A

∂tB
= ∂φi

B

∂tA
,

i.e. in considering morphisms we are considering the first-order prolongation of fields
φ : R

k → Q.

The Euler–Lagrange equations. Given a regular Lagrangian function L :
k⊕E → R, it

is natural to consider sections ξ = (ξ1, . . . , ξk) of (T E)1
k(

k⊕E) = T E(
k⊕E)⊕ k· · · ⊕T E(

k⊕
E) → k⊕E such that

k∑
A=1

iξA
�A

L = dT E(
k⊕E)EL, (4.26)

equation (4.26) being the analog of the geometric Euler–Lagrange equations of the standard
k-symplectic Lagrangian formalism.

Each ξA here is a section of the Lagrangian prolongation T E(
k⊕E), and with respect to a

local coordinate system
(
qi, yα

A

)
on

k⊕E and a local basis {eα} of Sec(E) it is given locally by

ξA = ξα
AXα + (ξA)αCVC

α .

Hence, by (4.6), (4.23) and (4.24), equation (4.26) is expressed locally as follows:

ξ
β

A

(
ρi

α

∂2L

∂qi∂y
β

A

− ρi
β

∂2L

∂qi∂yα
A

+ Cγ

βα

∂L

∂y
γ

A

)
− (ξA)

β

B

∂2L

∂y
β

B∂yα
A

= ρi
α

(
y

β

A

∂2L

∂qi∂y
β

A

− ∂L

∂qi

)
,

ξα
A

∂2L

∂y
β

B∂yα
A

= yα
A

∂2L

∂y
β

B∂yα
A

.

Since L is regular, that is the matrix
(

∂2L

∂yα
A∂y

β

B

)
is regular, the above equations reduce to

y
β

Aρi
β

∂2L

∂qi∂yα
A

+ (ξA)
β

B

∂2L

∂yα
A∂y

β

B

= ρi
α

∂L

∂qi
+ y

β

AC
γ

βα

∂L

∂y
γ

A

,

ξα
A = yα

A.

(4.27)
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Thus ξ is a SOPDE. If 
̃ : R
k → k⊕E, the map associated with a Lie algebroid morphism,


 : T R
k → E, is such that 
̃(t) = (φi(t), φα

A(t)) is an integral section of ξ , then by condition
(4.19) and equations (4.27) we obtain

∂φi

∂tA

∣∣∣∣
t

∂2L

∂qi∂yα
A

∣∣∣∣

̃(t)

+
∂φ

β

B

∂tA

∣∣∣∣
t

∂2L

∂yα
A∂y

β

B

∣∣∣∣

̃(t)

= ρi
α

∂L

∂qi

∣∣∣∣

̃(t)

+ φ
β

AC
γ

βα

∂L

∂y
γ

A

∣∣∣∣

̃(t)

,

∂φi

∂tA

∣∣∣∣
t
= ρi

αφα
A(t),

0 = ∂φα
A

∂tB

∣∣∣∣
t
− ∂φα

B

∂tA

∣∣∣∣
t

+ Cα
βγ φ

β

B(t)φγ

A(t),

where the last equation is a consequence of the morphism condition (4.25). These equations
can also be written in the form

k∑
A=1

∂

∂tA

(
∂L

∂yα
A

∣∣∣∣

̃(t)

)
= ρi

α

∂L

∂qi

∣∣∣∣

̃(t)

+ φ
β

CC
γ

βα

∂L

∂y
γ

C

∣∣∣∣

̃(t)

∂φi

∂tA

∣∣∣∣
t
= ρi

αφα
A(t),

0 = ∂φα
A

∂tB

∣∣∣∣
t
− ∂φα

B

∂tA

∣∣∣∣
t

+ Cα
βγ φ

β

B(t)φγ

A(t).

(4.28)

If E is the standard Lie algebroid T Q, then these are the classical Euler–Lagrange
equations of field theory for the Lagrangian L : T 1

k Q → R. In what follows (4.28) will be
called the Euler-Lagrange equations of field theories on Lie algebroids.

Remark 4.17.

(i) Equations (4.28) are obtained by Martı́nez [33] using a variational approach in the
multisymplectic framework.

(ii) When k = 1, equations (4.28) are the Euler–Lagrange equations on Lie algebroids given
by Weinstein [47].

(iii) When E = T Q, equations (4.28) coincide with the Euler–Lagrange equations of the
Günther formalism [36].

The results of this section can be summarized in the following.

Theorem 4.18. Let L :
k⊕ E → R be a regular Lagrangian, and ξ1, . . . , ξk be k sections of

τ̃ k⊕E
: T E(

k⊕E) → k⊕E, such that

k∑
A=1

iξA
�A

L = dT E(
k⊕E)EL.

Then

(i) ξ = (ξ1, . . . , ξk) is a SOPDE.

(ii) If 
̃ : R
k → k⊕ E is the map associated with a Lie algebroid morphism between T R

k and
E, and is an integral section of ξ , then it is a solution of the Euler–Lagrange equations of
field theories on Lie algebroids (4.28).
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Remark 4.19. Rewriting this section for k = 1 affords Lagrangian mechanics on Lie
algebroid (see section 3.1 of [8] or section 2.2 of [19]).

Finally we point out that the standard Lagrangian k-symplectic formalism is that particular
case of the Lagrangian formalism on Lie algebroids in which E = T Q, the anchor map ρT Q

is the identity on T Q and the structure constants Cγ

αβ = 0. In this case

• the manifold
k⊕E is T 1

k Q, T T Q
(
T 1

k Q
)

is T
(
T 1

k Q
)

and (T T Q)1
k

(
T 1

k Q
)

is T 1
k

(
T 1

k Q
)
;

• the energy function EL : T 1
k Q → R is given by EL = ∑k

A=1 �A(L) − L, where �A are
the canonical vector fields on T 1

k Q (see remark 4.5);

• a section ξ :
k⊕ E → (T E)1

k(
k⊕ E) is a k-vector field ξ = (ξ1, . . . , ξk) on T 1

k Q, that is ξ is
a section of τ k

T 1
k Q

: T 1
k

(
T 1

k Q
) → T 1

k Q;

• a SOPDE ξ is a k-vector field on T 1
k Q that is a section of T 1

k

(
τ k
Q

)
: T 1

k

(
T 1

k Q
) → T 1

k Q;
• if f is a function on T 1

k Q, then

dT T Q
(
T 1

k Q

)
f (Y ) = df (Y ),

where df denotes the standard exterior derivative and Y is a vector field on T 1
k Q;

• �A
L(X, Y ) = ωA

L(X, Y ), where ωA
L,A = 1, . . . , k, are the Lagrangian 2-forms of the

standard k-symplectic formalism, given by ωA
L = −d(dL ◦ JA);

• equation (4.26) can be written in the form

k∑
A=1

iξA
ωA

L = dEL,

that is as the geometric Euler–Lagrange equations of the standard Lagrangian k-symplectic
formalism;

• the map 
̃ associated with the Lie algebroid morphism (T φ, φ) between T R
k and T Q

that is induced by a map φ : R
k → Q is the first prolongation φ(1) of φ :


̃(t) =
(

T φ

(
∂

∂t1

∣∣∣∣
t

)
, . . . , T φ

(
∂

∂tk

∣∣∣∣
t

))
(see definition 2.2).

Thus, by theorem 4.18, the following corollary summarizes the standard Lagrangian
k-symplectic formalism [14, 36, 41].

Corollary 4.20. Let L : T 1
k Q → R be a regular Lagrangian and ξ = (ξ1, . . . , ξk) a k-vector

field on T 1
k Q such that

k∑
A=1

iξA
ωA

L = dEL.

Then

(i) ξ is a SOPDE;
(ii) if 
̃ ≡ φ(1) is an integral section of the k-vector field ξ , then it is a solution of the

Euler–Lagrange field equations of the standard Lagrangian k-symplectic field theory,

k∑
A=1

∂

∂tA

∣∣∣∣
t

(
∂L

∂vi
A

∣∣∣∣

̃(t)

)
= ∂L

∂qi

∣∣∣∣

̃(t)

, vi
A(
̃(t)) = ∂(qi ◦ 
̃)

∂tA

∣∣∣∣
t
.
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4.2. Hamiltonian formalism

In this subsection we extend the standard Hamiltonian k-symplectic formalism to Lie
algebroids. Throughout, we consider a Lie algebroid (E, [[·, ·]]E, ρE) over a manifold Q,
and the dual bundle, τ ∗ : E∗ → Q of E.

4.2.1. The manifold
k⊕E∗. The arena of the standard Hamiltonian k-symplectic formalism

is the bundle
(
T 1

k

)∗
Q of k1-covelocities of Q, that is the Whitney sum of k copies of T ∗Q. In

generalizing the theory to Lie algebroids it is natural to consider that the analog of
(
T 1

k

)∗
Q is

k⊕E∗ = E∗⊕ k· · · ⊕E∗, the Whitney of k copies of the dual space E∗ with the projection map

τ̃ ∗ :
k⊕E∗ → Q, τ̃ ∗(a∗

1q
, . . . , a∗

kq
) = q.

If (qi, yα) are local coordinates on (τ ∗)−1(U) ⊆ E∗, then the induced local coordinates

(qi, yA
α ) on (̃τ ∗)−1(U) ⊆ k⊕E ∗ are given by

qi
(
a∗

1q
, . . . , a∗

kq

) = qi(q), yA
α

(
a∗

1q
, . . . , a∗

kq

) = yα

(
a∗

Aq

)
.

4.2.2. The Hamiltonian prolongation. We next consider the prolongation of a Lie algebroid

E over the fibration τ̃ ∗:
k⊕E ∗ → Q, that is (see section 3.4)

T E(
k⊕E ∗) = {(

eq, vb∗
q

) ∈ E × T (
k⊕E ∗)/ρE(eq) = T (̃τ ∗)

(
vb∗

q

)}
. (4.29)

Taking into account the description of the prolongation T EP and the results of section 3.4
(see also [8, 19, 30]), we obtain

(i) T E(
k⊕E ∗) ≡ E × T QT (

k⊕E ∗) is a Lie algebroid over
k⊕E ∗ with the projection

τ̃ k⊕E∗ : T E(
k⊕E∗) ≡ E × T QT (

k⊕E∗) −→ k⊕E∗,

and Lie algebroid structure ([[·, ·]]̃τ ∗
, ρτ̃ ∗

), where the anchor map

ρτ̃ ∗ = E × T QT (
k⊕E∗) : T E(

k⊕E∗) → T (
k⊕E∗)

is the canonical projection onto the second factor. We refer to this Lie algebroid as the
Hamiltonian prolongation.

(ii) Local coordinates
(
qi, yA

α

)
on

k⊕ E ∗ induce local coordinates
(
qi, yA

α , zα, wA
α

)
on

T E(
k⊕E ∗) ≡ E × T QT (

k⊕E ∗), where

qi
(
eq, vb∗

q

) = qi(q), yA
α

(
eq, vb∗

q

) = yA
α

(
b∗

q

)
,

zα
(
eq, vb∗

q

) = yα(eq), wA
α

(
eq, vb∗

q

) = vb∗
q

(
yA

α

)
.

(4.30)

(iii) The set {Xα,Vα
A} given by

Xα :
k⊕E ∗ → T E(

k⊕E ∗) ≡ E × T QT (
k⊕E ∗)

b∗
q → Xα(b∗

q) =
(

eα(q); ρi
α(q)

∂

∂qi

∣∣∣∣
b∗

q

)
Vα

A :
k⊕E ∗ → T E(

k⊕E ∗) ≡ E × T QT (
k⊕E ∗)

b∗
q → Vα

A(b∗
q) =

(
0q; ∂

∂yA
α

∣∣∣∣
b∗

q

)
,

(4.31)

is a local basis of Sec(T E(
k⊕E ∗)), the set of sections of τ̃ k⊕E ∗ (see (3.7)).
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(iv) The anchor map ρτ̃ ∗
: T E(

k⊕E ∗) → T (
k⊕E ∗) allows us to associate a vector field with

each section ξ :
k⊕E ∗ → T E(

k⊕E ∗) of τ̃ k⊕E ∗ . Locally, if ξ is given by

ξ = ξαXα + ξA
α Vα

A ∈ Sec(T E(
k⊕E∗)),

then the associated vector field is

ρτ̃ ∗
(ξ) = ρi

αξα ∂

∂qi
+ ξA

α

∂

∂yA
α

∈ X(
k⊕E∗). (4.32)

(v) The Lie bracket of two sections of τ̃ k⊕E ∗ is characterized by the relations[[
Xα,Xβ

]]̃τ ∗ = Cγ

αβXγ

[[
Xα,Vβ

B

]]̃τ ∗ = 0
[[
Vα

A,Vβ

B

]]̃τ ∗ = 0 (4.33)

(see (3.8)).
(vi) If {X α,VA

α } is the dual basis of {Xα,Vα
A}, then the exterior differential is given by

dT E(
k⊕E ∗)f = ρi

α

∂f

∂qi
X α +

∂f

∂yA
α

VA
α , for all f ∈ C∞(

k⊕E∗)

dT E(
k⊕E∗)X γ = −1

2
Cγ

αβX α ∧ X β, dT E(
k⊕E∗)VA

γ = 0

(4.34)

(see (3.9)).

Remark 4.21. In the particular case E = T Q, the manifold T E(
k⊕ E ∗) reduces to

T
((

T 1
k

)∗
Q

)
. The proof is analogous to that of remark 4.2.

4.2.3. The vector bundle T E(
k⊕E ∗)⊕ k· · · ⊕T E(

k⊕E ∗). In the standard Hamiltonian k-
symplectic formalism one obtains the solutions of the Hamilton equations as integral sections
of certain k-vector fields on

(
T 1

k

)∗
Q, that is certain sections of

τ k

(T 1
k )∗Q : T 1

k

((
T 1

k

)∗
Q

) → (
T 1

k

)∗
Q.

Since on Lie algebroids T E(
k⊕E ∗) plays the role of T

((
T 1

k

)∗
Q

)
, it is natural to assume

that the role of

T 1
k

((
T 1

k

)∗
Q

) = T
((

T 1
k

)∗
Q

)⊕ k· · · ⊕T
((

T 1
k

)∗
Q

)
is played by

(T E)1
k(

k⊕E∗): = T E(
k⊕E∗)⊕ k· · · ⊕T E(

k⊕E∗),

the Whitney sum of k copies of T E(
k⊕E ∗) with canonical projection τ̃ k

k⊕E ∗
: (T E)1

k(
k⊕E ∗)→ k⊕

E ∗ given by

τ̃ k
k⊕E∗

(
Z1

b∗
q
, . . . , Zk

b∗
q

) = b∗
q,

where ZA
b∗

q
= (aAq, vAb∗

q
) ∈ T E(

k⊕E ∗), A = 1, . . . , k. We now prove that there exists a

k-vector field on
k⊕E ∗ associated with each section ξ of τ̃ k

k⊕E ∗
. Note that to give a section

ξ :
k⊕E∗ → (T E)1

k(
k⊕E∗)) = T E(

k⊕E∗)⊕ k· · · ⊕T E(
k⊕E∗)
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of τ̃ k
k⊕E ∗

is equivalent to giving k sections ξ1, . . . , ξk of the Hamiltonian prolongation

T E(
k⊕E ∗), namely the projections of ξ on each summand T E(

k⊕E ∗).

Proposition 4.22. Let ξ = (ξ 1, . . . , ξ k) be a section of τ̃ k
k⊕E ∗

. Then

(ρτ̃ ∗
(ξ1), . . . , ρ

τ̃ ∗
(ξk)):

k⊕E∗ → T 1
k (

k⊕E∗)

is a k-vector field on
k⊕E ∗, where ρτ̃ ∗

is the anchor map of the Lie algebroid T E(
k⊕E ∗).

Proof. Directly from (4.32) and the above remark. �

4.2.4. Hamiltonian formalism. Let (E, [[·, ·]]E, ρE) be a Lie algebroid on a manifold Q, and

H :
k⊕E∗ → R a Hamiltonian function. To develop the Hamiltonian k-symplectic formalism

on Lie algebroids, we first generalize the Liouville forms of the standard case.

The Liouville sections Liouville 1-sections are defined to be sections of the bundle

(T E(
k⊕E ∗))∗ → k⊕E ∗ such that

�A:
k⊕ E∗ −→ (T E(

k⊕ E∗))∗

b∗
q −→ �A

b∗
q

1 � A � k,

where �A
b∗

q
: (T E(

k⊕ E ∗))b∗
q
−→ R is the function given by(

eq, vb∗
q

) −→ �A
b∗

q

(
eq, vb∗

q

) = b∗
Aq

(eq), (4.35)

for each eq ∈ E, b∗
q = (

b1
∗
q, . . . , bk

∗
q

) ∈ k⊕E ∗ and vb∗
q
∈ Tb∗

q
(

k⊕E ∗). Liouville 2-sections

�A :
k⊕ E∗ → (T E(

k⊕ E∗))∗ ∧ (T E(
k⊕ E∗))∗, 1 � A � k

are defined by

�A = −dT E(
k⊕E∗)�A,

where dT E(
k⊕E ∗) denotes the exterior differential on the Lie algebroid T E

( k⊕E ∗) (see (4.34)).

Locally, if
{
Xα,Vβ

B

}
is a local basis of Sec(T E(

k⊕E ∗)) and
{
X α

A,VB
β

}
its dual basis, then

by (4.31),

�A =
m∑

β=1

yA
β X β, 1 � A � k, (4.36)

and by (4.32), (4.33), (4.34) and (4.36),

�A =
∑

β

X β ∧ VA
β +

1

2

∑
β,γ,δ

Cδ
βγ yA

δ X β ∧ X γ , 1 � A � k. (4.37)

Remark 4.23.

(i) When k = 1, the Liouville sections introduced here are the Liouville sections of mechanics
on Lie algebroids; see Martı́nez [8, 31].
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(ii) When E = T Q and ρT Q = idT Q, then

�A(X, Y ) = ωA(X, Y ), 1 � A � k,

where X, Y are vector fields on
(
T 1

k

)∗
Q and ω1, . . . , ωk are the canonical 2-forms of the

standard Hamiltonian k-symplectic formalism.

The Hamilton equations.

Theorem 4.24. Let H :
k⊕ E ∗ → R be a Hamiltonian and

ξ = (ξ1, . . . , ξk) :
k⊕ E∗ → (T E)1

k(
k⊕ E∗) ≡ T E(

k⊕E∗)⊕ k· · · ⊕T E(
k⊕E∗)

a section of τ̃ k
k⊕E ∗

such that

k∑
A=1

iξA
�A = dT E(

k⊕E ∗)H. (4.38)

If ψ : R
k → k⊕ E ∗ is an integral section of ξ , then ψ is a solution of the following system of

partial differential equations:

∂ψi

∂tA
= ρi

α

∂H

∂yA
α

and
k∑

A=1

∂ψA
α

∂tA
= −

(
Cδ

αβ ψB
δ

∂H

∂yB
β

+ ρi
α

∂H

∂qi

)
. (4.39)

Remark 4.25. In the particular case E = T Q and ρ = idT Q, equations (4.39) are the
Hamilton field equations. Accordingly, equations (4.39) are called the Hamilton equations for
Lie algebroids.

Proof. Consider
{
Xα,Vβ

B

}
, a local basis of sections of τ̃ k⊕E ∗ : T E(

k⊕E ∗)→ k⊕E ∗. Each ξA

in the statement of the theorem can be written in the form

ξA = ξα
AXα + (ξA)BαVα

B, (4.40)

and by (4.34), (4.37) and (4.40) the local expression of (4.38) is

ξα
B = ∂H

∂yB
α

k∑
A=1

(ξA)Aα = −
(
Cδ

αβ yC
δ

∂H

∂yC
β

+ ρi
α

∂H

∂qi

)
.

(4.41)

Also, if ψ : R
k → k⊕ E ∗, ψ(t) = (

ψi(t), ψA
α (t)

)
is an integral section of ξ , that is ψ is

an integral section of (ρτ̃ ∗
(ξ1), . . . , ρ

τ̃ ∗
(ξk)), the associated k-vector field on

k⊕E ∗, then

ξ
β

Aρi
β = ∂ψi

∂tA
, (ξA)Bβ = ∂ψB

β

∂tA
. (4.42)

By (4.41) and (4.42),

∂ψi

∂tA
= ∂H

∂yA
α

ρi
α and

k∑
A=1

∂ψA
α

∂tA
= −

(
Cδ

αβψA
δ

∂H

∂yA
β

+ ρi
α

∂H

∂qi

)
.

�

Remark 4.26. When k = 1, this theorem summarizes the Hamiltonian mechanics on Lie
algebroids (see section 3.2 of [8] or section 3.3 of [19]).

The standard Hamiltonian k-symplectic formalism is the particular case of the general
formalism on Lie algebroids in which E = T Q and ρE = idT Q. Specifically in this case,
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• the manifold
k⊕ E ∗ is

(
T 1

k

) ∗
Q, T T Q

((
T 1

k

)∗
Q

)
is T

((
T 1

k

)∗
Q

)
and (T T Q)1

k

((
T 1

k

)∗
Q

)
is

T 1
k

((
T 1

k

)∗
Q

)
;

• a section

ξ :
k⊕ E∗ → (T E)1

k(
k⊕ E∗)

is a section of τ k

(T 1
k ) ∗Q : T 1

k

((
T 1

k

)∗
Q

) → (
T 1

k

) ∗
Q, i.e. a k-vector field ξ = (ξ1, . . . , ξk) on(

T 1
k

) ∗
Q;

• if f is a function on
(
T 1

k

) ∗
Q, then

(dT E(
k⊕E∗)f )(Y ) = df (Y ),

where df denotes the usual exterior derivative and Y is a vector field on
(
T 1

k

) ∗
Q;

• �A(X, Y ) = ωA(X, Y ) (A = 1, . . . , k),

where the ωA are the canonical k-symplectic 2-forms on
(
T 1

k

)∗
Q;

• equation (4.38) reduces to

k∑
A=1

iξA
ωA = dH

(so equation (4.38) is the geometric version of the Hamilton field equations of the standard
k-symplectic formalism).

Accordingly, by theorem 4.24 the standard Hamiltonian k-symplectic formalism is
summarized in the following.

Corollary 4.27. Let H :
(
T 1

k

) ∗
Q → R be a Hamiltonian formalism and ξ = (ξ1, . . . , ξk) a

k-vector field on
(
T 1

k

) ∗
Q such that

k∑
A=1

iξA
ωA = dH.

If ψ : R
k → (

T 1
k

) ∗
Q,ψ(t) = (

ψi(t), ψA
i (t)

)
is an integral section of ξ , it is a solution

of the Hamilton field equations in the standard k-symplectic formalism, that is

k∑
A=1

∂ψA
i

∂tA

∣∣∣∣
t
= −∂H

∂qi

∣∣∣∣
ψ(t)

,
∂ψi

∂tA

∣∣∣∣
t
= ∂H

∂pA
i

∣∣∣∣
ψ(t)

, i = 1, . . . , n. (4.43)

4.3. The Legendre transformation

In this section we define the Legendre transformation on Lie algebroids and establish the
equivalence between the Lagrangian and Hamiltonian formalisms when the Lagrangian
function is hyperregular.

Let L :
k⊕ E → R be a Lagrangian function and �A

L:
k⊕E → [T E(

k⊕E)]∗ (A = 1, . . . , k)

the Poincaré–Cartan 1-sections associated with L, as defined in (4.20).

Definition 4.28. The Legendre transformation associated with L is the smooth map

Leg :
k⊕ E → k⊕E∗
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defined by

Leg
(
b1q

, . . . , bkq

) = ([
Leg

(
b1q

, . . . , bkq

)]1
, . . . ,

[
Leg

(
b1q

, . . . , bkq

)]k)
,

where[
Leg

(
b1q

, . . . , bkq

)]A
(eq) = d

ds
L

(
b1q

, . . . , bAq + seq, . . . , bkq

)∣∣∣∣
s=0

, eq ∈ Eq.

In other words, for each A,[
Leg

(
b1q

, . . . , bkq

)]A(
eq

) = �A
L

(
b1q

, . . . , bkq

)
(Z), (4.44)

where Z is a point of the fiber of (T E(
k⊕ E))bq

over the point

bq = (
b1q

, . . . , bkq

) ∈ k⊕ E,

such that

τ̃1(Z) = eq,

τ̃1 : T E(
k⊕ E) = E × T QT (

k⊕E) → E being the projection on the first factor. Z is of the form
Z = (

eq, vbq

)
. The map Leg is well defined, and its local expression is

Leg
(
qi, yα

A

) =
(

qi,
∂L

∂yα
A

)
,

in view of which it is easy to prove that the Lagrangian L is regular if and only if Leg is a local
diffeomorphism.

Remark 4.29. When E = T Q, the Legendre transformation defined here coincides with the
Legendre transformation introduced by Günther in [14].

Leg induces a map

T ELeg : T E(
k⊕ E) ≡ E × T QT (

k⊕E) → T E(
k⊕ E∗) ≡ E × T QT (

k⊕E∗)

defined by

T ELeg
(
eq, vbq

) = (
eq, (Leg)∗(bq)

(
vbq

))
,

where eq ∈ Eq, bq ∈ k⊕ E and
(
eq, vbq

) ∈ T E(
k⊕ E) ≡ E × T QT (

k⊕E). T ELeg is well
defined because the diagram

k
⊕ E

k
⊕ E ∗

∗

Q

is commutative.
In local coordinates (see (4.2) and (4.30)),

T ELeg
(
qi, yα

A, zα, w
β

B

) =
(

qi,
∂L

∂yα
A

, zα, zαρi
α

∂2L

∂qi∂y
γ

C

+ w
β

B

∂2L

∂y
γ

C∂y
β

B

)
. (4.45)

Theorem 4.30. The pair (T ELeg,Leg) is a morphism between the Lie algebroids (T E(
k⊕E),

ρτ̃ , [[·, ·]]̃τ ) and (T E(
k⊕ E∗), ρτ̃ ∗

, [[·, ·]]̃τ ∗
). Moreover, if �A

L and �A
L are respectively the
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Poincaré–Cartan 1-sections and 2-sections associated with L:
k⊕E → R, and �A and (�A)

the Liouville 1-sections and 2-sections on T E(
k⊕ E∗), then

(T ELeg,Leg)∗�A = �A
L, (T ELeg,Leg)∗�A = �A

L, 1 � A � k. (4.46)

Proof. We first prove that (T ELeg,Leg) is a Lie algebroid morphism,

Let (qi) be local coordinates on Q, {eα} a local basis of Sec(E), and
{
Xα,VA

α

}
and{

Yα,Uα
A

}
the corresponding local bases of sections of τ̃ k⊕E

: T E(
k⊕ E) → k⊕ E and

τ̃ k⊕E ∗ : T E(
k⊕E ∗) → k⊕E ∗). Then by (3.5), (4.6) and (4.45), straightforward computation

shows that

(T ELeg,Leg)∗(Yα) = X α and (T ELeg,Leg)∗
(
UA

α

) = dT E(
k⊕E)

(
∂L

∂yα
A

)
(4.47)

for each α = 1, . . . , m and A = 1, . . . , k, where
{
X α,Vα

A

}
and

{
Yα,UA

α

}
are the dual bases

of
{
Xα,VA

α

}
and

{
Yα,Uα

A

}
, respectively. By (4.6) and (4.34) we therefore conclude that

(T ELeg,Leg)∗
(
dT E(

k⊕E∗)f
) = dT E(

k⊕E)(f ◦ Leg)

(T ELeg,Leg)∗
(
dT E(

k⊕E∗)Yα
) = dT E(

k⊕E)((T ELeg,Leg)∗Yα)

(T ELeg,Leg)∗
(
dT E(

k⊕E∗)UA
α

) = dT E(
k⊕E)

(
(T ELeg,Leg)∗UA

α

)
for all functions f ∈ C∞(

k⊕E ∗) and all α and A. Consequently, (T ELeg,Leg) is a Lie
algebroid morphism.

To show that (T ELeg,Leg)∗�A = �A
L , we note that by (3.5), (4.35) and (4.44),

[(T ELeg,Leg)∗�A]bq

(
eq, vbq

) = �A
Leg(bq )

(
eq, (Leg)∗(bq)

(
vbq

))
= [Leg(bq)]

A(eq) = �A
L(bq)

(
eq, vbq

)
.

Finally, since (T ELeg,Leg) is a Lie algebroid morphism, this result for 1-sections implies
that

(T ELeg,Leg)∗�A = �A
L. �

Remark 4.31.

(i) When k = 1, this theorem reduces to theorem 3.12 of [19].
(ii) When E = T Q and ρT Q = idT Q, it establishes the relationship between the Lagrangian

and Hamiltonian formalisms in the standard k-symplectic approach.

We next assume that L is hyperregular, that is, that Leg is a global diffeomorphism. In

this case we may consider the Hamiltonian function H :
k⊕E ∗ → R defined by

H = EL ◦ (Leg)−1,
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where EL is the Lagrangian energy associated with L, given by (4.24), and (Leg)−1 is the
inverse of the Legendre transformation:

Lemma 4.32. If the Lagrangian L is hyperregular, then T ELeg is a diffeomorphism.

Proof. Since in this case Leg is a global diffeomorphism so that there exists an inverse map

Leg
−1:

k⊕ E ∗ → k⊕ E, T ELeg has the differentiable inverse

(T ELeg)−1 : T E(
k⊕ E∗) → T E(

k⊕ E)

given by

(T ELeg)−1(aq, vb∗
q

) = (
aq, (Leg

−1)∗
(
b∗

q

)(
vb∗

q

))
,

where aq ∈ E, b ∗
q ∈ k⊕ E ∗ and

(
aq, vb ∗

q

) ∈ T E(
k⊕ E ∗) ≡ E × T QT (

k⊕E ∗). �

The following theorem establishes the equivalence between the Lagrangian and
Hamiltonian k-symplectic formulations on Lie algebroids.

Theorem 4.33. Let L be a hyperregular Lagrangian. There is a bijective correspondence

between the set {η : R
k → k⊕ E | η is an integral section of a solution ξL of the geometric

Euler–Lagrange equations (4.26)} and the set {ψ : R
k → k⊕ E ∗ | ψ is an integral section of

some solution ξH of the geometric Hamilton equations (4.38)}.

Proof. The proof is similar to the standard case: see [46]. Essentially, if ξL = (
ξ 1
L, . . . , ξ k

L

)
:

k⊕ E → (T E)1
k(

k⊕ E) is a solution of the geometric Euler–Lagrange equations for Lie
algebroids (4.26), then ξH = (

ξ 1
H , . . . , ξ k

H

)
is a solution of (4.38), where

ξA
H = T ELeg ◦ ξA

L ◦ (Leg)−1.

Moreover, if η : R
k → k⊕E is an integral section of ξL = (

ξ 1
L, . . . , ξ k

L

)
, then

Leg ◦ η : R
k → k⊕E∗

is an integral section of ξH = (
ξ 1
H , . . . , ξ k

H

)
.

The converse is proved similarly. �

Remark 4.34. The case k = 1 shows the equivalence between the Lagrangian and
Hamiltonian forms of autonomous mechanics on Lie algebroids (see, for instance, [8]) and
the case E = T Q, ρT Q = idT Q, the equivalence between the Lagrangian and Hamiltonian
formulations in the standard k-symplectic framework (see [46]).
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5. Examples

Harmonic mappings [5, 6, 44, 48]. In this example we consider the harmonic mappings from
R

2 into a Lie group G. The harmonic mapping Lagrangian is given [44] by

L(φ, φx, φy) = 1
2 〈φ−1φx, φ

−1φx〉 + 1
2 〈φ−1φy, φ

−1φy〉, (5.1)

where 〈·, ·〉 is the Killing form on g and φx, φy are the partial derivatives of φ : R
2 → G with

respect to the local coordinates (x, y) of R
2 . The associated field equation is τ(φ) = 0, where

τ(φ) is the tension of φ, defined for general smooth mappings by

τ(φ)i = hAB

(
∂2φi

∂tA∂tB
− �C

AB

∂φi

∂tC
+ Ci

jk

∂φj

∂tA

∂φk

∂tB

)
, i = 1, . . . , dim G,

the hAB being the components of a metric on R
2 with Christoffel symbols �C

AB , and Ci
jk the

Christoffel symbols of the bi-invariant metric on G. In our case, hAB is of course just the flat
Euclidian metric.

Here we deal with the case G = SO(3), considered as embedded in gl(3), in which case
the Killing form 〈·, ·〉 is just the trace,

〈ξ, η〉 = −trace(ξη),

and the Lagrangian (5.1) is a function L : T SO(3) ⊕ T SO(3) = T 1
2 (SO(3)) → R.

Since T 1
2 (SO(3)) ∼= SO(3) × so(3) × so(3), we identify T 1

2 (SO(3))/SO(3) with
so(3) × so(3), and we consider the projection l of L to so(3) × so(3) given by

l(ξ1, ξ2) = − 1
2 trace

(
ξ 2

1

) − 1
2 trace

(
ξ 2

2

)
, ξ1, ξ2 ∈ so(3).

If {E1, E2, E3} is a basis of so(3), so that ξi = yα
i Eα (i = 1, 2), l is given locally by

l
(
yα

1 , yα
2

) =
3∑

α=1

((
yα

1

)2
+

(
yα

2

)2)
.

Since a Lie algebra is an example of a Lie algebroid, we can apply the theory developed
in section 4.1. The Euler–Lagrange equations (4.28) in this case are

∂yα
1

∂t1
+

∂yα
2

∂t2
= 0

∂yα
A

∂tB
− ∂yα

B

∂tA
+ Cα

βγ y
β

By
γ

A = 0.

(α = 1, 2, 3;A = 1, 2)

The Poisson-sigma model. Consider a Poisson manifold (Q,�). Then the cotangent bundle
T ∗Q has a Lie algebroid structure with anchor map

ρ : T ∗Q → T Q

β → �(β, ·),
and bracket

[α, β] = iρ(α) dβ − iρ(β) dα − d�(α, β).

In local coordinates, the bivector � has the expression

� = 1

2
�ij ∂

∂qi
∧ ∂

∂qj
.

We can consider the Lagrangian for the Poisson-sigma model as a function on T ∗Q⊕T ∗Q.
Thus, if

(
qi, pi

1, p
i
2

)
denotes local coordinates on T ∗Q ⊕ T ∗Q, the local expression of the

Lagrangian is (see [32])

L = − 1
2�ijp1

i p
2
j .
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A long but straightforward calculation shows that the Euler–Lagrange equations (4.28) in
this case are

1

2
�ij

(
∂p2

i

∂t1
− ∂p1

i

∂t2
+

∂�kl

∂qi
p1

kp
2
l

)
= 0,

∂qi

∂tA
+ �ijpA

j = 0,

∂p2
i

∂t1
− ∂p1

i

∂t2
+

∂�kl

∂qi
p1

kp
2
l = 0.

However, in view of the morphism condition, the first equation vanishes. The solution of the
remaining two is a field φ : R

2 → T ∗Q ⊕ T ∗Q given locally by

φ(t) = (
qi(t), p1

i (t), p
2
i (t)

)
.

The conventional form of the field equations for the Poisson-sigma model [43] is

dφj + �jkPk = 0

dPj + 1
2�kl

,jPk ∧ PL = 0,

where the Pj = p1
j dt1 + p2

j dt2 (j = 1, . . . , n) are 1-forms on R
2.

Remark 5.1. Poisson-sigma models were originally introduced by Schaller and Strobl [42]
and Ikeda [16] so as to unify several two-dimensional models of gravity and cast them into a
common form with Yang–Mills theories.

Systems with symmetry. Consider a principal bundle π : Q̄ −→ Q = Q̄/G. Let
A : T Q̄ −→ g be a fixed principal connection with curvature B : T Q̄ ⊕ T Q̄ −→ g.
The connection A determines an isomorphism between the vector bundles T Q̄/G → Q and
T Q ⊕ g̃ −→ Q, where g̃ = (Q̄ × g)/G is the adjoint bundle (see [7]):

[vq̄] ↔ Tq̄π(vq̄) ⊕ [(q̄, A(vq̄))],

where vq̄ ∈ Tq̄Q̄. The connection allows us to obtain a local basis of sections of
Sec(T Q̄/G) = X(Q) ⊕ Sec(̃g) as follows. Let e be the identity element of the Lie group G
and assume that there are local coordinates (qi), 1 � i � dim Q, and that {ξa} is a basis of g.
The corresponding sections of the adjoint bundle are the left-invariant vector fields ξL

a :

ξL
a (g) = TeLg(ξa),

where Lg : G −→ G is left translation by g ∈ G. If

A

(
∂

∂qi
(q,e)

)
= Aa

i ξa,

then the corresponding horizontal lifts on the trivialization U × G are the vector fields(
∂

∂qi

)h

= ∂

∂qi
− Aa

i ξ
L
a .

The elements of the set{(
∂

∂qi

)h

, ξL
a

}
are by construction G-invariant, and therefore, constitute a local basis of sections {ei, ea} of
Sec(T Q̄/G) = X(Q) ⊕ Sec(̃g).
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Denote by (qi, yi, ya) the induced local coordinates of T Q̄/G. Then

B

(
∂

∂qi
(q,e)

,
∂

∂qj
(q,e)

)
= Ba

ij ξa,

where

Bc
ij = ∂Ac

i

∂qj
− ∂Ac

j

∂qi
− Cc

abA
a
i A

b
j ,

the Cc
ab being the structure constants of the Lie algebra. The structure functions of the Lie

algebroid T Q̄/G → Q are determined (see [19]) by

[[ei, ej ]]T Q̄/G = −Bc
ij ec

[[ei, ea]]T Q̄/G = Cc
abA

b
i ec

[[ea, eb]]T Q̄/G = Cc
abec

ρT Q̄/G(ei) = ∂

∂qi

ρT Q̄/G(ea) = 0,

and for a Lagrangian function L :
k⊕ T Q̄/G −→ R the Euler–Lagrange field equations are

d

dtA

(
∂L

∂yi
A

)
= ∂L

∂qi
+ Bc

ij y
j

C

∂L

∂yc
C

− Cc
abA

b
i y

a
C

∂L

∂yc
C

d

dtA

(
∂L

∂ya
A

)
= Cc

abA
b
i y

i
C

∂L

∂yc
C

− Cc
aby

b
C

∂L

∂yc
C

0 = ∂yi
A

∂tB
− ∂yi

B

∂tA

0 = ∂yc
A

∂tB
− ∂yc

B

∂tA
− Bc

ij y
i
By

j

A + Cc
abA

b
i y

i
Bya

A + Cc
aby

b
Aya

B.

If Q is a single point, that is Q̄ = G, then T Q̄/G = g, the Lagrangian is a function

L :
k⊕ g −→ R and the field equations reduce to

d

dtA

(
∂L

∂ya
A

)
= −cc

aby
b
C

∂L

∂yc
C

0 = ∂yc
A

∂tB
− ∂yc

B

∂tA
+ Cc

aby
b
Aya

B,

a local form of the Euler–Poincaré equations (see, for instance, [6] and [32]).
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Commun. Math. Phys. 236 223–50
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